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Problemsof fields on super Riemann surfaces
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Abstract. Supercon.formalfieldsoftype k on acompactsuperR.iemannsurfaceare
definedandstudied. It is shownthat if therearenon-trivial fermionicmoduli~the
spaceofsuchfieldscanbehavein a highlyanomalousway; witha modules~uctwe
whichdependsstronglyon themoduli. (This will onlyhappenfor —1 ~ k < 2, but
this includesthecaseofsuperscalarfields.) Theproofcareexplicitfor genus1, the
actualspacesoffieldsbeingcomputed;andimplicit forhighergenus,viaa spectral
sequence.Theimplicationsfor superstringtheoryareindicated.

1. INTRODUCTION

Let M bea superRiemannsurface(SRS),of acompacttype.

The versionof superstringtheory developedby Baranovand others[1] depends
stronglyon the theoryof <<superholomorphicvectorbundles>>on M. Specifically, the
programmesetsup super-formbundles~~ for k E Z, and a super-Laplaciano~On

sectionsof wi’. The translationof Mumford’s isomorphism[21then relatesthe(regu-
larized)determinantsof 03 and 5o~[3].

Thereare probablyvarious abstractformulationsof this theorywhich do what is

claimed. My aim in this paperis to call attentionto a problemwhichI havenot sofar

seendiscussedconcerningthezero modesof the relevantoperators.Theseare usually
computedina fairly adhocwaywhichcertainlyworksif M is atrivial (<<split>>, <<canon-
ical>> or <<withoutodd parameters>>[4]) SRS.However,becausethespacesof sectionsof

~ (etc.)aremodulesoveraGrassmanalgebraratherthana field, it isperfectlypossible
that the kerneland cokernelof 0k may not be direct summands,indeednotevenfree
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modulesoverthe algebra.(They arefinitely generatedby ellipticity). This ratherspoils
any argumentsbasedonnaivecountingof zeromodes.

It is theaim of this paperto showthat this unpleasantsituationwhich is theoretically

possibleis in fact realizedin a limited but importantset of cases.Becausetheoperator
0k is rathercomplicated(it involvesthemetric)I shallrestrictattentionto theDolbeault
type operatorDk whosekernelis the moduleof superholomorphicsectionsof w” In
termsof supersmooth(G°°)[5] sectionsG00(wk),Dk maps

(1) Dk.G(w)—C(w®w)

where ~ is the complexconjugateof w. Our problemis to describethe kerneland
cokemelof ~

I shall exhibitthe kind of complicationswhich may arisewith sucha computation,

usinga filtration to simplify the work. It will follow from thefiltration spectralsequence
thatthekerneland cokernelcanindeedbesimply described

a) whentheSRSis of trivial typeor

b) whenthe kernelor the cokernelvanishes,i.e. (for genus g > I ) when k <

— 1 or k> 2.

Howeverfor k = — 1,0, 1,2 thereis agenericnon-zerodifferentialwhich implies

(e.g.) thatthe zeromodesof Dk arenota directsummandin G00(wJc).

Sincethe spectralsequenceargumentishighly non-explicitand dotsnot reallygive

anideaof whatthekernelandcokernelof Dk are,I shallfirst devotesometimeto the
relativelysimplecalculationfor g = 1, the super-torus.

It shoudbenotedthat theseresultsalsohavebadconsequencesfor thetheoryof the

Picardvariety (via Coker (D
0) andtheJacobivariety(viaker (.02)). 1 hopeto return

to theseproblemsanothertime.
Lastly, I shallindicatehow theproblemsraisedby theseresultsmight be avoidedin

thecontextof the superstringdeterminants.

2. THE FORM BUNDLES AND THE COHOMOLOGY

Forthe generaltheory of SRS’s I refer to the works of Crane and Rabin[6] and

Baranovand Schwarz[7]. To sumup; take B to be an infinite Grassmannalgebra

(2) B=limAe(vi...vt)

with B = B0 ~ B~and v, E B1 let c : B —# CE be the augmentation. 11 B

is not infinite, it well know that evensmooththeory (e.g. CL orH’~)will produce

badlybehavedmodulesof functions[5]. Thesurfacesweconsider(<<de Witt>SRS‘s) arc
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constructedby gluing togethercoarseopensetsc1 ( U) c B viamappingsC’(U) -~

�‘(V) whichare
(i) C°°

(ii) Superanalytic(co-ordinateexpressionsdo notcontain~ or 9)
(iii) Superconfoniial:if isthe rank 1 subsheaIofthe tangentsheafT( ~1 (U))

generatedby the operatorD~= (~9/9O+ 9. a/az)I~,then rF maps V~(isomor-

phically) to VT/. If follows from thisasusualthat D~= (DuOv) . D~,or, in the more
usualformulation

(3) D=(DO)D

Thishasthepractical implicationthat wecanwrite thenewco-ordinates

= f(z) +

= ~(z) + 9\/f’(z) + ~(z)~Y(z)

wheref and ~ areanalytic functionsfrom U to B
0, B1 respectively.

OveranSRSit iseasyto defineaholomorphicorantiholomorphicsupervectorbun-
dle [8]; weshallonlybeinterestedinline bundles,whosefibre is B. Mostparticularly,
following [3], weconsiderthebundless ui, ~. w is thebundledefinedby thedistribu-

tions V~in (iii) above;it is a rank 1, holomorphicodd sub-bundleof TM.A sectionof
w accordinglyhaslocal representativeslinked by theformula

(5) ~=(.b9)çb

cZ is the complexconjugateof w and its sections satisfy the conjugateof (5). Let
L bea holomorphicline bundleover M, andlet G°°(L)beitssheafof germsof C°~
sections.Thenthereisauniquecomplexlinearsuper-differentialoperator(theDolbeault

operator)

(6) DL.G(L) —G°°(L®1))

suchthat:

I. DL ( w) = 0 iff w is a holomorphic section

2. DL(fw) = (DLf)w+ ~
1(f.D~w)

for f a C°°function, and w in C~(Li).
Infact, in localcoordinatesfor a neighbourhood ‘(U

0), DL is just theappropriate

operatorD on the coordinaterepresentativeiv0. If therepresentativestransformby
w0 = A~w0,with A~holomorphic,the representativesof DL(w) transformby

DL(w0) = DIU0(w0) = . (~U(~)) . DjU~(w~)

usingtheformula(3); andby (5) this impliesthey fit togetherto give a sectionof L ®

asclaimed.
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LEMMA I. (i) The sheavesG°°(L),etc.,areacyclic.

(ii) Let thesheafofsuperholomoiphicsections03(L) bethe kernelof DL. Then

the sequence

(7) 0 .. 03(L) .~ G~(L)~ C~(L® ~) .. 0

is exact.

Proof Forpart (i) see [9]. Part (ii) reducesto showing that DL is an epimorphism,
which is a simplecomputationon the components. •

LemmaI impliesthat (7) is a resolutionof 0~(L). Wethereforecanapply the func-

tor F (globalsections)andobtain

(8) F(03(L)) = kerf(DL) = H°(M,03(L))

Coker F(DL) = H
1(M,0

3(L)) and of course H’(M,03(L)) = 0 for i > 1. It
is thesetwo moduleswhich we wantto calculate;particularly, H°( M, 08(L)) is the
moduleof (global)superholomorphicsectionsof L.

Following a standardpracticewe write 0~for 0~(L) whenthebundle L is trivial.

3. THE GENERALPROBLEMOF FUNCTIONS

Before approachingthe calculationusingthe spectralsequencelet uslook in partic-

ularat T’(03) = H°(M,03).Anelementoff’(0~) isa C°°function F: M —~ B

suchthat DF = 0. Writing F as a sumof componentsit is easyto deducethat, in

local coordinateson U,

(9) F=u(z)+9v(z)

where u, v are the Z-extensionsof analytic functionsfrom c( U) C (U to B. To find
theglobal conditionson F, weneedtoknow how u, v transform. We have

(10) ü(~)+ ~i(~) = u(z) + 9v(z),

where(~,0) aregiven by equations(4). Expanding(10)gives

u(f(z)) + ü’(f(z)) . ~ (~b(z)+ 9~Jf’(z)+ ~b(z)i~Y(z))x

x (~(f( z)) + ~‘( f( z)) . 9~(z)~J7~= u( z) + Ov(z)
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Hence,equating components,

ü(f(z)) + ~(z)~(f(z)) = u(z)

~(z)ü’(f(z))~+ v(f(z))~f’(z) + ~(z)~’(z) = v(z)

Theseequationsarerathercomplicated.

Oneimportantfamily of solutionsisthe <<constants>>

(13) u(z) = b E B; v(z) = 0

However,we cannotin generalset u( z) equalto zero becauseof the presenceof
v-dependent terms in the first equation(12). In onecasewecan; that is, the trivial one

whereall functions ~(z) (<<odd parameters>>) can betakenequalto 0. Thenweobtain

thewell-known result:

r’RoPosmoN.1 If M is a trivial SRS, the globalsectionsof 03 aregiven bypairs

(u, v) where

(i) u is aconstantfunction M —.~ B

(ii) v is the z-extensionofa holomorphicspinor (sectionof the squareroot of the

canonicalbundle)with valuesin B

In otherwords,in this case

(14) H°(M,03) ~ (H°(�M,0) ~ H°(cM,0(’./k~)))®B

where ~ is the square root of the canonical bundle corresponding to the spin structure
of M. This is the modelof the resultwe would like to have. (Althoughit shouldbe
notedthatthedimensionof H°(eM, 0 ( ~/k5)or <<spaceof harmonicspinors>>[10] is

not locally constantfor g > 2, as a function on the spinorTeichmflller space.)And,
followingsomeotherresultsin SRStheory,wemighthopethat theequations(12)could

bestraightenedoutvia filtration to give atwistedversionof PropositionI in thegeneral
case.

This is notso. Weshallgive theproof thatit is notvia filtration theoryin sections4,

5. Meanwhile,let us examinethe caseof asuper-torusM, wheretheproblemcanbe

simply described.
If the spinstructureon M is non-trivial, thereare no odd parametersandno prob-

lems. However,if M hasa trivial spinstructure,it may haveanodd parameter/3. It

canthenbe writtenasthequotientof the <<super-plane>>B by thegroup F, freeabelian
on Yl,Y2, where[11]

y1(z,0)= (z+ 1,0)
(15)

v2(z,0)=(z-~-a+0fi,/3+9)(aEBo,Ime(a)10,/3EB,)
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A superholomorphicfunctionon M is givenby any superholomorphicfunction F:

B — B which is invariantunder Pi, Y2~If F is givenby (9), wefind

u(z+ 1) = u(z), v(z+ I) = v(z)

(16) u(z+ a) + /3v(z+ a) =

/3u’(z + a) + v(z+ a) = v(z)

Usethe first equationsto expand u,v in Fourierseries:

(17) u(z) = ~a0e”~,v(z) = ~b0et~(a0,b0 E B)

We find from thesecondequations

(18) e’~(a0+ /3b0) = a0
e”~(v/3a0+b~)=

Fromthe first equation,if n ~ 0 /3 divides a0,hencefrom the secondequation,

= 0 (since /32 = 0). Substitutingback, a0 = 0. On the otherhand,if n = 0,
thesecondequationgivesnothing,while the first gives as a necessaryand sufficient

condition

(19) /3b0 =0.

We find that u(z) = a0 is aconstant,aswe’d expect,butthat v(z) = b0 isnot just
a constant(sectionof thespinbundle,whichisheretrivial), butonewhichis annihilated

by theodd parameter/3. Let Ann(/3) betheidealof annihilatorsof /3 in B. Ann(/3)
contains /3. B butmay be larger.It may, in particular,notbea freeB-module.

PRoPosmoN2. If M is thesupertoruswhichis the quotientof B by thegroup F

defined by (15), then H°(M, 08) is the set of functionsindependent of z:

(20) {a0 + Gb0 a0 E B, b0 ~ Ann(/3)}.

Of courseif /3 = 0 (but only then!), b0 is completelyunrestricted.Notice that w
is hereatrivial bundleand henceall ~ ‘s are; soproposition2 hastold us H°( M,

0(w’)) for all k. If we hadSerredualityin its ordinaryform [12] this would alsotell

us H
1. Unfortunatelythis doesnot work; butwe cangetroundthe problemasfollows.

DescribeH°( M, 0~)asthecohomology

H1(F, 0
3(B))
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of the group F actingon the (global) super-analyticfunctions (u, v) on the super-
plane B via (15). This cannow becalculatedin stages.The first generatorP1 simply

reducesthe problemto calculatingthecohomologyof Z . p2 onthe y~-invariants,i.e.
theFourierseries(17). And the formulae (18) showthat H

1, like H°, is trivial on

all Fouriercomponentswith n ~ 0. A straightforwardcalculationon the0-component
gives

PROPOSITION3. II M is asinproposition2, then H’ ( M, 08) is isomorphicto the

direct sum B/13 . B ~ B. Thefirst summandcorrespondsto cocycleswith no 9 com-

ponent,thesecondto thoseinvolving 9.

4. THE FILTRATION METHOD

We now attemptto calculate H°,H’ stepby step in the generalcase,usingthe

naturalfiltration of thesheaf0
8(wk). This is definedasfollows: if E is the augmen-

tation idealof B and ~(P) its pth power,then 08(w~c)(P)consistsof thosesections
whoseexpressionin local coordinatesinvolvesonly z, 9 andconstantsin ~ Clearly

03(wIc)(P) j 03(wIc)(1~I); andour choicefor B implies

(21) 03(w~c) lim 03(w”)/03(w’~)~

We begin by finding the filtration quotients,and hopeto use them to build up theco-

homologyof 08(wk) -first in finite stages,then passingto the limit via (21). As in
proposition1, let eM denotethebody of M and ~/k its spin bundle. Our first claim
is

PROPOSITION4. For all p> 0, thesheaf03(wk)(P)/08(wIc)(P+~)isisomoiphicto

thedirectsum

(22) (O(’./k~) ~o(~/k~T)) ~

Proof Supposeto simplify first that k = 0; asectionof 0~isgivenlocallyby functions

u, v transformingby (12). If we now supposeu, v havetheircoefficientsin ~(O), the
equations(12)becometrivial mod ~~+1), since i/’(z) is odd andsois in .6. Hence

ü(f(z)) u(z) mod ~~(n+1)

~(f(z))~mv(z)mod~
1~
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which gives the sum (22) in this case. For the general k,we need to replace equation

(10) by theappropriatetransformationequation

(24) (DO)k(i~+8i))=(u+9v)

(cf(5)). Onceagain,all thatsurvivesof (DO) IC after~(n+ ~ is eliminatedis a(~/jT(~)Ic

and asimilar analysisto theoneaboveshowsthat the u ‘s transformlike sectionsof

~/k~mod ~ while the v ‘s transformlike sectionsof ~/k~T. •

Wenow introducethespectralsequence.Thiscanbedonein a numberof ways: the

most<<classical>>is to filter thecomplexfor computing H*(0
3(wk)). We shall do this,

but we shalluse theCechcochain complex[13] to work out the cohomology.This is

becauseourfinal resultonobstructionsis bestexpressedusingthetransitionfunctions ~

of(4), which havethenatureof tech cocycles.Weshallbebrief with the details. Let

U = {U0, a E A} bea finite coveringof M by de Witt opensetswhich are suchthat
any intersectionof U,~,is contractible. (This caneasilybe achievede.g. simplicially.)
Weshallwrite the (~‘2ech cochaincomplex

(25) C*(k) = C*(U,08(wk)).

In particular,a 0-cochainc assignsto each aanelement c~in F(U0, 0~(wIc)); a

1-cochainassignsto a pair (a, /3) with Ua fl U~~ 0 an clementc~in F(U~n
flU~,03(wk)),and so on.

Wehavethe standardresult [14] that thereis acanonicalisomorphism

(26) H*(U,03(wk)) H*(M,08(wk)).

Wecanthereforeidentify thetwo. Thefiltration on 0~(wk) definedabovegivesrise

to a filtration

(27) C*(k)~= C*(U,08(wk)(2))

onthe tech cochains;andthis in turn givesrise to a spectralsequence[15] {Er, d~}
with

= H(C*(k)/C*(k)1))
(28)

= Gr~(H*(C*(k))) = CrPQ(JJ*( M, 03(wk))).

(Theideaof a spectralsequenceis to computethe homologyof a filteredcomplex by

<<successiveapproximations>>.Each E~is acomplexwith two gradingsanddifferen-

tial dr : Er~’~~ g—r+ I Its homologyis H( Er) = Er+ i. d~detectscochains
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which are cocycles up to order r but not up to order r + 1.) Wefirst note an important

consequence of proposition 4:

PROPOSITION5. In thespectralsequence(28), the E1 term is

Eç~=(H~(cM,0(~/k~))
(29)

~ H~(~M,0(\/i~~))®

Ourrough approximation to the cohomology can therefore be seen more precisely as

a descriptionof thespectralsequence’sstartingpoint. This also tells us

COROLLARY. If k < — I or k > 2, thespectralsequencecollapsesand

HP(M,08(wk)) ~[H~(cM,0(’/k~))
(30)

~HP(~M,0(~/~r))] ®B

In fact, if k > —I, c,(Vk~)and c,(~/T) are both negative so H°(eM,
0( V’~kT)~ 0(s~/ik~i)= 0. Conversely H’ = 0 if k > 2, usingSerreduality.
But all differentialsin the spectralsequenceincreasetotal degreeby 1, soin boththese

casestheymustbezero. Theisomorphism(30) of B-modulesisnow easilyconstructed

— thoughit maynotbecanonical.

Up till now we havenot separatedout theevenandodd fields — and in generalit is
simplernot to. However,we shouldnotice that all modulessuchas 0( ~/k~)carrya
Z2 — grading(evenand odd),which carriesoverinto exactsequencessuchas(7), into

thecohomology,and intothespectralsequence.(For example,afield of form (9) is even
if u(a) hasvaluesin B,, arid v( a) in B,.) It follows that in the expression(29) for

E~,the component

(31) H~’(cM,0 (V’k~) ® ~ ~ = 0,1)

hastheparity of p + )~.We shalluse this in thenextsection.

5. THE FIRST DIFFERENTIAL

We shall now show the kind of problems encounteredin computing H*( M,

03(Vk’)) for the <<critical values>>of k, by decribingthe first differential d1 in the
spectralsequence(28). This shouldbeseenasthe obstructionto solvingtheequations
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(12) (or appropriategeneralizations)to first order,givena zeroordersolution in the E1
term(29). It is a homomorphism

(32) d, : E~—~ E~”~

which relativeto the Z~ gradingof (31) is parity reversing.In otherwords,wehave

for all p, two homomorphisms (the only non-zero ones)

d1(0) : H°(cM,0(V’k~) ®

—* H’(cM,0(V7~) ®
(33)

d,( I) : H°(eM,0(V~~~))® ~(p)1~(p+I)

—* H’(�M,0(’~/i~)®~+I)/~+2)

Weshall see later (Prop. 9) that ci, (0) is zero, so at least to this order (maybe to all)

thebosonicpartis unobstructed.Themostinterestingcalculationsaccordinglyconcern

d,(1). We usetheequationswhichcorrespondto (12) for thebundle w~.As thesearc

complicated, we omit products ~‘, which do not contributeto first order. Suppose

then that Z0 = (z0,~ is acoordinateon U0, and let theoverlapmap from U~to

U0, Z0Z~bedeflnedbythepair(f0~, ~) asin(4).Thenifoursectionof08(w~c)
is givenby local representativesu,~(z0) + 90v0(zn), we find that

(34) (u0(f0~(z~))+ ~ (f~(za))~
2 = u~(z~)

+ v
0(f0~(z~))) (f~(z~))~

2

(35) + ku
0(f0~(zfi))1~(z~) (f~(z~))~”

2

= v~(z
0~).

To find d1( I) in (33), we first supposethat we are given a sectionof H°(eM,
~ deflnedby{va(z,,)} sothat

(36) v0(f~(z~))(f~(z~))~’
2= v~(z~)mod ~(~÷2~

Thenany {tt

0( a0)) of filtration p+ I will satisfyequations(34)and(35)mod ~ I)

sincethe ~ ‘s are of filtration > 1. This is what is meantby our computationto zero
order. The problem, accordingly,is whetherwe can find u0 ‘s to solveequation(34)

mod ~ (eq. (35) is still no problem). This will be thecaseif thecocycic

(37) c~= ~0~(z$)v0(f0~)(zfl)) (f~(z~))I12
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in C’ (U, 0(~/kT))® 1)/~(P+
2) is a coboundary.Thecohomologyclass [c

0~]

is accordingly d1( 1) of theelementv definedby (36).

Using(35) werewrite

(38) c0p = 1I.’0fl(zfi)vp(zfl) .

Now from the generalsuperTeichmUller theory [13J,we find that {~p(zfl)f~
(z~Y~}definesa class ~‘ in H’(U,0( V’K )) ® ~(1)/~(2) which is the <<lead-

ing term of the fermionic moduli>>. This is, as in (26), the cohomologyof M, i.e. by
Riemann-Roch[14],

(39) H’(eM,V’~~) ®~(I)/~(2) = (
2g—2) .~(1)/~(2)

(Serredual to thespaceof 3/2 — forms). Puttingit all together,wehave

PROPOSITION6. Thefirst differentialon theoddpart, d,(I) isthemapping

H°(~M,0(V~’k~))~

—~ H’(�M,0(~/k~)) ®~ : d,(l)(v) = v

wheretheproductisa combinationof(a) thecohomologyproduct

H°(~M,0(V~)) ®H’(eM,0(V~))
(40)

-3

and (b) the product in GrB. .

As the Corollary to Prop. 5 indicates,this differential is notoften non-zero. The

main interest, of course, is in the pairing (40), which canonly be non-zerowhen k =

— 1,0, 1,2. In manycases,thereareno harmonicspinorsand sothepairing is alsozero

for K = 0, 1. But our generalresultis that d,(1) is asnon-trivialas it canbe.

LEMMA 1. Givenline bundlesL,, L
2 overcM anda non-zerosections E H°(eM,

0(L1)), the map

H’(cM,0(L2)) ~H’(cM,0(L, ®L2))

definedbymultiplicationbysisonto.
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Proof Usethe sheaf exact sequence

(41) 0 -40(L2) -~ 0(L, ® L~) —p J —~°

where J is the <<skyscrapersheaf>>on thezerosof s [15]. The cohomologysequence

of(4l)provesthelemma,sinceH’(cM,J) = 0.

This result, while indicating the non-triviality of the differential, does not give much
holdonits dependenceon ~. In theextremecases— whicharenot theinterestingones

— thepairing (40) andhencethe calculation are simple: for k = —1, (40)isjust

H°(cM,0)®H’(cM,0(v”k~))

(42) =

-~‘ H’(cM,0(V’k~))

while for k = 2, it is theSerredualitypairing

H0(cM,0(fi~)) ®H’(�M,0(~fk~))
(43)

—4 H’(�M,0(’/~)) =

However,when k = 0, 1 the variability of the space = H°(cM, 0(~/~))
H’ (cM,0( V’k)) meansthat it is hardto find asimpledescription.If thespinstructure
is even,therewill oftenbe no harmonicspinors(h°= 0), and so d,( 1) = 0 auto-

matically. But is thestructureis odd,the simplestcase(the only oneif g < 4 [10]) is

that dim h°= 1, andthis is the bestexampleof whatcan happen. In this case,if we

take k = 0, lemmaI impliesthat the pairing

H°(cM,0(Vk~)®HI(cM,0(V’k~)) =

(44)
= h0®H1(cM,0(~/k~))—~H’(�M,0)

is onto: G2~2 —* (N. (This is the first obstructionfor the 9 part of scalar fields).

From this it is not hard to find an expressionfor exactly when d1 (1) vanishes,see

proposition8 below. Correspondingly,if k = I, weget apairing

H°(cM,0(K)) ®H’(cM,0(’/k~)) =

(45)
=

which is the adjoint of (44)underSerreduality; and this is determiningfor the <<half-

forms>>. Thepairing (45) is non-degenerateon ~U
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Letusenow try to go from thepairing (44)totheactualdifferential.Supposegivena
spinstructureilK on cM with h° ~‘ (~.Let sEH°(cM,0(V’K)) be<<the>>non-
vanishingsection: choosebasesx i,... , x292 for H’ (eM,0( ~/k~)) andy~,. . .

for H’(cM,0) sothat s.~= y1(i <g) and= 0 (i >g). Now any element~ in

H’ (eM,0(v~~k:~))® ~( I) 2) hasa uniqueexpression

2g—2

(46) = ® ,~,(ii,E

while v E H’(�M,0(~JK)® E/~~” has form v = s® ~ ((c~P)/B(P+’))

Wecannow state

PR0POSm0N8. Let M be an SRSsuchthat the correspondingspin— RSis ofodd

typewith a singleharmonicspinor a. Let the leadingterm ~‘ ofthefennionicmoduli
of M begivenby (46), and let ;, y~be asabove. Then in thespectralsequencefor

H*(M,08(wO)), d,(I) isgivenby

(47) d,(1)(s®() = .

COROLLARY. The differential d,(I) is genericallynon-zero,undertheabovecondi-

tions. In fact; for a generic M, some ~ 0(1 < i < g); and for ageneric (,( does
notannihilateall i~,‘s since B is supposedinfinite.

Theparallelresultsto proposition8 for k = —1, 1,2 aresimilar, and will beleft to
thereaderto formulate. Theimportantfact to note is that in all casesthe statementthat

d1 (1) is genericallynon-trivialholds(for k = 1 we mustsupposethat h0 ~ 0). So
that thenaivecharacterizationof <<fields of type k>> aspairs (bosonick-field, fermionic

(k + 1) -field) [16]breaksdown.
Wenowturn to thebosonicdifferential d, (0) of (33), andprove.

PROPOSITION9. d, (0) isidenticallyzeroin all cases.

Proof Thereareonly two casesto consider,k = 0, 1; all the othersare zero because
oneof thetwo groupsis. To find d, (0) we supposeu = {u0} given,and find from

(35) theconditionfor {v0} to exist mod ~ Supposek = 0; then u is a section
of 0, i.e. constant.So u’0 = 0 for all a. Since k is alsozero,theobstructionterms
in (35)vanish.
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Nowsuppose k = 1. Here d, (1) is derivedfrom a pairing

(48) HO(cM,0(s./~))®HI(cM,0(V7~))—*H1(cM,0(K))

analogousto (40), butdefinedusingderivatives:

(49) s®t—*s’.t+ks.t’=s’.t+s.t’

Herethedashesindicatetheappropriatedifferentiationfor line bundles:

D:H’(eM,O(L) —~H’(cM,0(L®K))

But theright handsideof(49)is simply thederivativeof a t ~ H’(cM, 0). Now it is

standardthatanyelementof H’( cM, 0) canbe representedby a locally constant(flat)
cocycle(cf [17]),andhencehaszeroderivativein H~(cM, 0(K)). Thiscompletesthe

proof.

6. DISCUSSION

The aboveresultson the spectralsequencecalculationof fields on M are partial,
sincewehaveno adequatedescriptionof laterdifferentials,and they couldbequite in-

accessible. The abovestoppingpoint is a sensibleone, in that we haveseenthat the
differentialsarenon-trivial, so thereis a problem;and we havesomeideaof their char-
acter. However,whatwe reallywould like is (as with the torus)to describethe space

of k-fields in termsof thesupermoduliof the surface.Thisrepresentsquite a challenge,
andthe spectralsequencelookslike abad wayto approachit.

To move to larger problems,how can we avoidusingthe spacesof fields or zero
modesof theoperatorDIC, Ok of~l?(Thedifficulties associatedwith DIC do continue

to arisewith Ok). Theanswermaybe thattheobjectsof interestfor physicsarenot the

spacesof zero modesbut the suitablyregularizeddeterminants(see[181);and that the
<<regularizing>>expressions,which involveobjectslike Tr(exp —tok), shouldnot give

riseto thesameproblems.
However, we needto be carefulat every step. For example,theoperators DIC of

(I) dependon the supermoduliof M, and so on thepoint in superTeichmfihlcr space

ST(g) — say x — which M defines. In particular for g = I with the trivial spin
structure,Dk(a) is afunctionof theparametersa, /3 of x asgiven in (15). If wenow

try to follow thedefinition of thedeterminantbundleover ST(g) (sec [19]),we find
that thefibre shouldbe

det~(Dk)= A(kerDk(x))*®A(CokDk(x))

(50)
= A(Bfl3Ann(/3))*~A(B//3.Bff3B)
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by propositions2, 3. Here << A>> is a <<top B-exteriorpower>> for finitely generated
B-modules.Dearlythefactthat the B-modulesareno longerfreemakesit muchmore

difficult to use(50) to definea line bundleover ST( I). It can be doneby usingthe
exactsequence

(51) 0 -9B~Arffl(/3)-4B~B3B~BB~B/,9B’0

in which themiddle termsare free modules. By standardmethods,(51) identifies the

righthandsideof(50)withA (B~B)*®A(B~B). Butthisisveryadhoc,andwe
needto knowthat the determinantscanbedefinedin thegeneralsituation.
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